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Linear algebra: Central to many domains

Control systems Optimization algorithms

Source: rain.aa.washington.edu

Quoting App performance section

“The frame rate of 12 FPS, however, is not
enough to handle sudden motions. In
future work, optimisation of
implementation would improve the frame
rate and provide better user experience.”
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Intel MKL on Intel Core i7 CPU (AVX)
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Library performance for sgemm (C += AB)

Intel MKL on Intel Core i7 CPU (AVX]
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A closer look at small problem sizes
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Bridging the gap with DSLs

Kalman Filter void kf(double const * A, ...) {
__m256d to, ..;

PredlCt a0 = _mm256_loadu_pd(A);
X = ACC}C71 + Buy_ al = _mm256_load_sd(A + 4);
p= APAT +Q Goal ma= _mm256_mul_pd(a@, x0);
ha= _mm256_hadd_pd(me, ml);
Update
p =
K = pHT (HpHT + R)71 _mm256_permute2f128_pd(...);

b = _mm256_blend_pd(t6, t8);
2 =X+ K(z — HX)

;r;1r;1256_storeu_pd(x, ro);
Pz, =(—-KH)p

\\,/ }

u‘\

LGen: Base System
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Basic Linear Algebra Computations
(BLACs)

Examples: Composed of:

Y = Az Scalars, vectors, and matrices

C = aABT + BC Operators:
Addition
Scalar multiplication

_ T p

7= (A + B)y + 0 Matrix multiplication

Transposition

\ll input and output vectors and matrices have a fixed size

LGen: A basic linear algebra compiler

Ais2x3

Basic linear algebra computation Y= Az Xis3x 1

(BLAC)

!
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LGen: A basic linear algebra compiler

Ais2x3

Basic linear algebra computation Y = Ar <« Xis3x 1

(BLAC)

Tiling decision
. : LL
Tiling propagation

ly = A'T]z,l

LGen: A basic linear algebra compiler

icli ; Ais2x3
Basic linear algebra computation —
BLAC) y=Ar < 5,
Tiling decision .
Tiling propagation th [y - Ax]Q,l

Loop-level Yy = Z[Z] (Ali, jlz[4])

2]

optimizations
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LGen: A basic linear algebra compiler

icli ; Ais2x3
Basic linear algebra computation —
BLAc) y=Ar <« 5
Tiling decision —
> Tiling propagation th [y - Ax]Q,l

|
Loop-level ¥-LL Yy = Z[l] (A[Z,j]l‘[]])

optimizations

%]

Code-level optimizations C-IR i\'/iov (mmMulPs A[0,0], x[0,0]), t[0,0]

LGen: A basic linear algebra compiler
- . Ais 2x3
Basic linear algebra computation —
BLAC y=Az X is 3x1
c Tiling decision —
S > Tiling propagation L [y o Ax]Q,l
@
|
ot Loop-level _ — Z ) ] 1
&5 optimizations L-LL Yy — [Z] (A[Z7j]x[j])
E g 2%
¥ 5 — Code-level optimizations C-IR Mov (mmMulPs A[0,0], x[0,0]), t[0,0]
Optimized C function fop(int t=-d
t = _mm_mul_ps(a, x);
}...

Program Generation for Performance: LGen
Math/CS/HPC Workshop, St. Germain au Mont D'Or, May 2016
© Markus Pischel, Computer Science, ETH Zirich



Vector code generation: Basic Idea

vector length (e.g., 1 for scalar float/double, 4 for SSE float)

1 V <
— .
V{ . ﬂ Goal: express the computation
- + u in terms of v-BLACs
[y]V,l = [A]V,V[x]lal + [y]V,l ‘ ,LL

= Sl {Afi, 1l + vl

\ ‘\
1, I T e T
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v-BLACSs: Vectorization building blocks

Addition (3 v-BLACs] Transposition (3 v-BLACs])
H = | — W
+ + + —
.
Scalar Multiplication (7 v-BLACs) Matrix Multiplication (5 v-BLACs])

[ DD N =

]| == =

18 cases implemented once for every ISA

DD e o
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Py =AP,_1 AT +Q

P,=(I - KH)P,
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Extending LGen with Structures

Code generation including structures

Structured AlS 2x3 and
basic linear algebra computation Yy = AQZ < o is 3x1
(sBLAC)

c Tiling decision _
-% Tiling propagation - [y — Aa:]z’l
: !
>
()
3 Loop-level LL _ A A 7wl
S optimizations z Y E :[ ] ( [ 7]] [.7])
X i.j
o n

— Code-level optimizations C-IR Mov (mmMulPs A[0,0], x[0,0]), t[0,0]

Optimized C function ffr(int =
t = _mm_mul_ps(a, x);

}...
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Structured matrices representation

General . : -

Upper
triangular

Lower
triangular

nh 0N

LL sBLAC

Set of tuples

<domain, schedule, body>

y
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From LL to 2-LL

AN

A N
A

- M

From LL to 2-LL
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From LL to 2-LL

From LL to 2-LL

1 Cli, 4] = Ali, KBk, 5]

3 3
C=>">li.j](A[i,01B[0, 1)
K i=0 j=0

Zz Jl (Ali, k] B[k, 4])

k=1 i=k j=k

_l’_

Cli, j] = C[i, j] + Ali, k] B[k, j]

Scattering relation built based on optimization models (e.g., Goto model]
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Representing structured tiled matrices

—>1l: 0 M w }

HAN—

LR,

From LL to 2-LL

:EE - AN

C =10,0](AJ0,0]B[0,0])
+10,2](A[0, 0] B[0,2])
+[2,0](A[2,0]B]0,0])
+[2,2](A[2,0]B[0, 2] + A[2,2]B[2,2])
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Code generation including structures

Structured A is 2x3 and
basic linear algebra computation Yy = ACU X is 3x1
(sBLAC)

c Tiling decision .
= Tiling propagation - [y = AQZ]Q,I
: |
i
Y Loop-level _ . s o .
%@ Optislizations -l Y= E ['L] (A[’L,]]:B[j])
5 l g
E 2]
g5
“ L code-level optimizations C-IR Mov (mmMulPs A[0,0], x[0,0]), t[0,0]
Optimized C function fir(i"t i=.){
t = _mm_mul_ps(a, x);
¥

Experiments
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Experimental settings

Intel Core i7 (Sandy Bridge)

Ubuntu 14.04 with Linux 3.13

Double computations with AVX

Warm cache scenario (32 kB L1 D-cache, 256 kB L2 cache)

Four competitors:
LGen w/ and w/0 structures support
Intel MKL 11.2
Naive code (non optimized double/triple loop code)

All kernels compiled with icc 15 w/ flags:
-03 -xHost -fargument-noalias -fno-alias

Performance [f/c] vs.n [double]
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Plotting

Performance [f/c] vs.n [double] Performance [f/c] vs.n [double]
4 4
3 3
2 2
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BLAS category: dsyrk

— LGen -O-Intel MKL 112 S Naive (icc 15) O LGen w/o structures

Performance [f/c] vs.n [double] Performance [f/c] vs. n [double]

LI

I5 41 67 93 119 145 171 16 48 80 112 144

S, = AAT £ S, AcR™*

BLAS-like category

— Gen -O-Intel MKL 112 7= Naive (icc 15) O LGen w/o structures

Performance [f/c] vs.n [double] Performance [f/c] vs.n [double]
o o
3 LGen ‘/\/\/\/\/ 3 /
7 MKL |
2 i i
)\)/& LGen w/o
I o
=2V Naive
0

A=LU+ S, L,UeR™"
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More general structures
&

future work

Approach extensibility

Other important structures, e.g., banded matrices

| [N

h
-

Or other combined structures

| [N
hh N
N[N
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Support for higher-level functionalities

Algorithm: [4] .= LU BLK VAR1(A)

o Aty | ATr
Partiti A—
ar on ( 1 BE :\}(H X = Awj_y + Bug—,

APAT
where Arp is0x0 T poArATEeQ

while m(Ar;) <m(A) do
Determine block size b

Repartition l

Aw | Ao | Aoz

Ar Arg s

( 4“‘ ‘l” )ﬂ A | Au | A
Apr | ABR Ao, | Ang | Ana void 1lu(...) {

N - __m256d to, ...;

K = pH" (HpH" + R)”'
o= X + K(:— HX)

Pa = (I - KH)p

where Ay isbxb
Aoy :=Uo = Lgg Aoy
Ajo := Lyo = A1oUgg"
Ayy = LU(Ayg — L1oUoy) ¥

Continue with

Aw | Ao | Aoz
Ar | ATr
e = . Aw | Ay | Ao
SBL{| -8R Ago | Aoy | Aoa

endwhile

Source: FLAME Project - http:/www.cs. utexas.edu/~flame/web;

Connecting with Cl1ck (Fabregat-Traver, Bientinesi)
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Our Approach

Kalman Filter

k
e
X = Azp_y + By _ N
p=APAT +Q N il i kl ‘

K =pH" (HpH" + R) " ‘:
ri= X + K(z — HX)
P = (I - KH)p *
i
v K
void kernel(...) {
__m256d t0, ...;

spiral.net/software/lgen.html
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