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Operational Intensity

Definition: Given a program P, assume cold [empty) cache
#flops (input size n)
I

Qln) S~ #bytes transferred cache <> memory
(for input size n)

Operational intensity: |(n) =

Examples: Determine asymptotic bounds on I(n)

Vector sum:y=x+y o(1)
Matrix-vector product: y = Ax o(1)
Fast Fourier transform Ol(log(n))
Matrix-matrix product: C =AB + C 0(n)
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Compute/Memory Bound

A function/piece of code is:
Compute bound if it has high operational intensity
Memory bound if it has low operational intensity

The roofline model makes this more precise

Blackboard

Roofline model (Williams et al. 2008) Roofline model
Example: one core with =2 and B = 1 and no SSE
ops are double precision flops

Resources in a processor that bound performance:
« peak performance [flops/cycle]
* memory bandwidth [bytes/cycle]

* <others>
performance
[ops/cycle]
Platform model
L bound based on B
mem 4 L
Bandwidth B <— carefully measured [ 4 bound based on it
[bytes/cycle] * raw bandwidth from manual is o1
cache unattainable (maybe 60% is) |
| | * Stream benchmark may be 12 mem. 4  compute bound
...... conservative 1/4 bound
i Pp SV pos operational
’ [
Peak performance 1 [ops/cycle] yaiz 1 /2 48 intensity
some function [ops/bytes]

run on some input
Algorithm model (n is the input size)

Bound based on B?

Operational intensity I(n) = W(n)/Q(n) =
- assume program as operational intensity of x ops/byte

number of flops (cost)

———————————  [ops/bytes] - it can getonly B bytes/cycle
number of bytes transferred - hence: performance =y < Bx
between memory and cache - in log scale: log,(y) < log,(B) + log,(x)
- line with slope 1; y=B forx=1
Q(n): assumes empty cache; Variations
Restineastiediwiibiperiorpancelceliiels - vector instructions: peak bound goes up (e.g., 4 times for AVX)
- multiple cores: peak bound goes up (p times for p cores)
Notes - program has uneven mix adds/mults: peak bound comes down
In general, Q and hence W/Q depend on the cache size m [bytes]. (note: now this bound is program specific)
For some functions the optimal achievable W/Q is known: - accesses with little spatial locality: operational intensity
FFT/sorting: ©(log(m)) decreases (because entire cache blocks are loaded)

Matrix multiplication: ©(sqrt(m))
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http://www.eecs.berkeley.edu/~waterman/papers/roofline.pdf
http://www.streambench.org/

Roofline Measurements

Tool developed in our group
[G. Ofenbeck, R. Steinmann, V. Caparros-Cabezas, D. Spampinato)
http.//www.spiral.net/software/roofline.html

Example plots follow

Blackboard: Get (non-asymptotic) bounds on I(n] for
daxpy: y = ax+y
dgemv: y=Ax+y
dgemm: C=AB+C

Blackboard: for which sizes n should the last one be tight?

Core i7 Sandy Bridge, é
Roofline Measurements  code: intet ML, sequential
Cold cache

Performance [Flops/Cycle]
Peak mpar. (48.0 Flops/Cycle)

10 Peak mseq. (8.0 Flops/Cycle)

0.1 1 10
Operational Intensity [Flops/Byte]

What happens when we go to parallel code?
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http://www.spiral.net/software/roofline.html

Core {7 Sandy Bridge, 6 cores
. Code: Intel MKL, parallel
Roofline Measurements coud cache

Performance [Flops/Cycle]
Peak Trpar. (48.0 Flops/Cycle) 2800

dgemm

10 Peak Tseq. (8.0 Flops/Cycle)

FFT

4194304

0.1 | 10
Operational Intensity [Flops/Byte]

What happens when we go to warm cache?

Core i7 Sandy Bridge, 6 cores
. Code: Intel MKL, sequential
Roofline Measurements warm cache

Performance [Flops/Cycle]
10

Peak 1 (8.0 Flops/Cycle)

0.1 | 10 100
Operational Intensity [Flops/Byte]
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Core {7 Sandy Bridge, 6 cores
. Code: Various MMM
Roofline Measurements coid cache

Performance [Flops/Cycle]
Peak mpar. (128.0 Flops/Cycle)

100 +-2800

ATLAS par.

10 Peak mseq (8.0 Flops/Cycle) 2800

2800

i
IWL seq.
ATLAS seq.
100 2800 Six fold loop
100
Triple log
2800
0.1 | 10 100

Operational Intensity [Flops/Byte]

Summary

Roofline plots distinguish between memory and compute bound
Can be used on paper
Measurements difficult (performance counters) but doable

Canyield interesting insights
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Extended Roofline Model

Victoria Caparrés Cabezas
Markus Plschel

Computer Science
ETHz(irich

Roofline Plot

Performance [Flops/Cycle]

10 Bound based on compute throughput

2800
100

dgemm

&
S :
& The roofline model can only
&OC\ 2800 handle “throughput” bottlenecks
& dgemv Y
I 7 0 What if the bottleneck is
{2
& 1. Latency of flops
5 2. Cachesize
& 3. Memory latency
4. Size of 000 buffers
5. Overlap
6. ..
0.1 | 10

Operational Intensity [Flops/Byte]
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Goal

Include additional hardware-related bottlenecks as
performance bounds in the roofline plot

Performance [Flops/Cycle]

Bound based on compute throughput

0.1
Operational Intensity [Flops/Byte]

Goal

Include additional hardware-related bottlenecks as
performance bounds in the roofline plot

Performance [Flops/Cycle]
AN A
S o gmia
’,"4) #» /Bounddbased on compute throughput

w s w

7
7

’
..

] H
‘ [Issuefothers
LFi

Latency

mem latency
LI issue

ol The performance bottlenecks

-
LLC latency are:

//g i LlnlsROB 1. Latency of flops

e > 2. Latency of L1 accesses

0.0l 0.1
Operational Intensity [Flops/Byte]

Applications

m Assess the impact of hardware upgrades
m Code optimization

Roofline Model: Basic and Extended
Math/CS/HPC Workshop, St. Germain au Mont D'Or, May 2016
© Markus Pischel, Computer Science, ETH Zirich



Simple example for latency
int n = 1000;
Performance x=(float*)malloc(..);
[Flops/Cycle] //Vector sum reduction
for(int i=0; i<n; i++)
] y+=x[1];
4 P=1I3
2 J ,’/ P =T
e S InstructionMix P’ =7 /2
12 —
________________________________ € oo fateney P = P'/)
1/4 —
I I I I | | I I Operational Intensity
164 1/32 1/l6 18 1/4 12 | 2 [Flops/Byte]

Question 1: What if the latency only affects some of the operations?

Simple example for overlap

int n = 10;
Perfect overlap x=(float*)_mm_malloc(..);
y=(float*)_mm_malloc(..);

T= HlaX(TCO"n]” Tm,em,) //High throughput example

for(int i=0; i<n; i++){

P = min(BI, ) ke=x[1]+y[i];
p*=x[i]*y[i];
Performance ¥
[Flops/Cycle]
4 P=1p
2 P=m
[ ]
=
1/2 7
1/4

I . .
164 132 1/l6 18 14 1 | 2 Operational Intensity

[Flops/Byte]
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Simple example for overlap

Perfect overlap OverlapO0sas1
T = HlaX(ﬂ;Ormp, T,,Lerrn) T = Tcomp + Tnem — @ min(Tcomp: Tmcm)
1
P = min(pI,7) P=+— — T
T t3— amin(, 3)
Performance
[Flops/Cycle]
4 7 P=1Ij3
e - P=x
a=0.
=
172 7
1/4
T T T T T T T s oral | )
/64 132 1/l6 1/8 /4 1/2 | 2 Operatonaintensity

[Flops/Byte]

Question 2: How to get overlap information?

Answers to questions 1 and 2
require cycle-by-cycle information

Our approach: DAG-based performance model
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DAG-Based Performance Model
Application Model Parameters (6]
int main(){ I —
int n = 1000; a 5 Node type. (@) fnodes
A=(double*)_mm_malloc(..); \ 3 J 20 @ Computation Z/A
‘/ \1 ‘/ M War
for(int i=0; i<n; i++) 5 8 Memory Q
for(int j=0; j<n; Jj++) \ / L1 Qui
for(int k=0; k<n; k++) 3 tz :?'-‘1
Cli][3]+=A[i]1[k]*B[kI[3]; o {;L
3
Processor Model Parameters (22)
CPU 1l Micr i al P
ROB Parameters
RSJr Throughput
) | SB V| LB ILFB Computation TA, TM,
ANl.-ME = = Memory bandwidth Brem, ﬁL;
L 8 | N W Instruction fetch
:m;sxor . ,- - G ] ey bandwidth "
™ = - [ [ [ Latency
ey g e 0
L2 Capacity
! Cache YL;
Lf Cache block X
e 000 Buffer “YVout

DAG scheduling with uarch constraints

LLVM IR

mul.u.m.g‘r ful nsw i32 %4, %n
5 = trunc i64E@RKarEll 57, 5:
idxprom13.us.us.nr = Fext 19 %
ar‘r‘ayldxlﬂ.us.,s&mr geteler ng

6 = load double* #g@Payidx14.usy

5. .unr = finl double
. nr = fadd\doubl .us.us.unr
.iv.next83.unr nuw 0, 1

.unr = truf@¥6d %indvars
icmp eq i32 %1ftr.wid

Execution through the

LLVM Interpreter

— cPU I .
Microa} = Extension to the LLVM Interpreter to
Throug = ——  schedule the DAG (Greedy schedule
. i '!I Vss {18 yLre, based on Tomasulo’s algorithm )
Latency EEE
Ay Am cles 3,0
Hmem; ML, %‘Clea | 100, 4, 12, 30
Capacity
i Memory L 20M
:hu[ LQZ 3, 64,10

D

L3

b

mem

20
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g/ .
\

6
\g/

e

AS

5

e

DAG scheduling with uarch constraints

Parameters to model an Intel Xeon E5-2680
with a Sandy Bridge microarchitecture

Microarchitectural ~ Unit Value
Parameters

Throughput

TA, ™M flops/cycle 11
Brmem» BL doubles/cycle 1,2/1, 4,4
¢ W

Latenc;
L1 bandwidth Ay AM cycles 3,5
Hmem; HL, cycles 100, 4, 12, 30
L

Capacity
L, bytes 32K, 256K, 20M
® bytes 64
Fout # slots 168, 54, 36, 64, 10
i=1,
if € {ROB, RS, SB, LB, LFB}

L2

latency

ROB

stall Access to memory hierarchy:

reuse distance analysis

Quantifying Properties of the DAG

Number of nodes Per-node execution time N
Node type (z) # nodes
WA =2 TA =6 Computation W
A W
Wy =2 Ty=T7 Moo W
Memory Q
- _ L1 Qi1
QL] =3 TLl =5 L2 Q2
L3 Qus
Qr2 =2 Trp =14 mem  Qmem
DAG properties
Execution time T = 26 cycles
w
Operational Intensity 111 = 7@ = 0.17 flops/byte
L1

w

Performance P = T = 0.15 flops/cycle

How good is this performance estimation in real code?
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;’erfgrm;nqe flc

15

r

0 ]
i FFT — Numerical Recipes -
1.5 .
1.0-
i = model
05 clang-comp‘ig{i\kxb
i icc-compiled
0-

2 35 26 30 312 gi4 2l g8 gm0

Size

Performance f/c

~ WHT - Spiral Package :

model
05 " N\

icc-compiled .

0: 28 210

clang-compiled " :
212 Q14 916 918 90 9n
Size

Performance Estimation

Performance fic

o
| MVM — Double loop
1.5
1.0-
| clang-compiled
0.5- icc-compiled
| model |
0" 560 900 1300 1700 2100 2500
Size

Performance flc 7
: Stencil — 3D 7-point -
1.5 |

1.0

0.5°
(o A S e [ S (N
10 30 50 70 90 110 130 P50

Size

performance
[flops/cycle]

Utilization-based Bottleneck Modeling

Only reached if
perfect overlap
and fully

uti%tion

" bound based on peak T

bound based on B,

2 I i
1 i
1/2— E
1/4- :
ROB B T
' w
stall — ' _
ta 1/8 E P T
T T T T I T T I I I
1/128  1/32 1/8 1/2  operational intensity

[flops/byte to L1]

Where are execution cycles spent so that peak performance is not reached?
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Tcomp

performance
[flops/cycle]

Utilization-based Bottleneck Modeling

bound based on B,

bound based on peak T

Breakdown
underutilization into
reasons why it is not
utilized

p_

T

I
17128

PR O .

I I I
1/32 1/8

I I
12

I I I
operational intensity
[flops/byte to LI1]

25

Tcomp

performance
[flops/cycle]

Utilization-based Bottleneck Modeling

bound based on B,

bound based on peak n

Issue P-
| _l ___________________ tswe _ Tigsue

w

I
17128

I I I
1/32 1/8

T'%%%¢ = Number of cycles in which nodes are issued

I I I
operational intensity
[flops/byte to LI]

Tissue -4
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Utilization-based Bottleneck Modeling

performance
[flops/cycle]
bound based on B,
bound based on peak n
Issue :
Latency
LN Lo B
W
:X' - : WO Tisswe + Tt
T
T T T T I T T I I I
1/128 1132 118 112 operational intensity
[flops/byte to LI1]
T = Number of cycles in which nodes are issued Tissue _ 4

T' = Number of cycles in which nodes are executed, but not issued — 7lat — 8

27

Utilization-based Bottleneck Modeling

performance
[flops/cycle]

bound based on B,

bound based on peak n

w
Issue P=

Tcomp

T T T
17128 1132 1/8 12 operational intensity
[flops/byte to LI]

Ts59¢ — Number of cycles in which nodes are issued Tissue _ 4
T'at — Number of cycles in which nodes are executed, but not issued Tt — 8
75t — Number of cycles in which OO0 buffers are full Tstall _ g "
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Scheduled DAG — Roofline Plot

performance
[flops/cycle]

bound based on B, -

Issue

ROB

o Latency

T T T T T T
11128  1/32 1/8 1/2 operational intensity

fl LI
performance [flops/byte to L1]
[flops/cycle]

bound based on B,
. ) m
2 foetmmeemm :
' Issue
I E -
1/2 v - .
R
1/4 < [ Laiency
@ ’/ i'/e&/ﬁ// ’T;uj?iii
1/8 &7 q@‘? gx
T Tt T T T T T T
17128 1/32 1/8 112 operational intensity

[flops/byte to L2]

Bottleneck lines are an indicator of where cycles are spent, and their relative
importance to performance

Bottleneck Properties and Limitations

There is no guarantee that changing the parameters associated to a
bottleneck, performance will improve

Generalized roofline plots become specific to program and input
Does not consider multiple cores

Our analysis enables the handling of code with different phases

performance
[flops/cycle]
bound based on B, ,

2 ______________ ’5, I
1 # E,/ ssue
1/2 G P RQB
1/4 T aeacy
e . - o=
1/8 V@Q“
¥

g
'
'
t T T T

1/128 1/32  1/8 1/2  operational intensity

[flops/byte to L1] 0
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Some Results

Vector Sum Reduction (cold cache)

Performance [Flops/Cycle]

/ / Vv
/ 7 / Va
Peak 1 (2 fl/c) / / s

0.001 0.01 0.1 |
Operational Intensity [Flops/Byte]
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Vector Sum Reduction (cold cache

Performance [Flops/Cycle]

Peak 1t (2 flc) N i e

Latency/RS

Increase mem latency to 200 cycles Reduce RS to 20
Performance [Flops/Cycle] . ) - Performance [Flops/Cycle]
Peak 1 (2 f/c) il 1 L Peak m (2f1c) [ q o

*F{8p Latency is not a
& bottleneck anymore
1

I | ol
Operational Intensity [Flops/Byte] Operational Intensity [Flops/Byte]

Performance [Flops/Cycle] Performance [Flops/Cycle]

FFT NR (warm cache)— Increasing Size

Size 21° Size 220

s Peak T (2 flc)

Peak Tt (2 flc)

overlap
LI-FP computation

ol g
1 0.001 001 0.l 1
Operational Intensity [Flops/Byte]

0.l
Operational Intensity [Flops/Byte]

Issue/others
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MVM Double Loop — Cold vs. Warm Cache

Cold cache Warm cache
Performance [Flops/Cycle] Performance [Flops/Cycle]
Qg 110 a Peak 1 (2 flc)
& oz e 1AL )
A A A AN U N I [ A I T A A O A RS
/4T R R | Z
\ 2
87 T T T T T s — T T O | ( Lzlency)
I3 g "a mem-comp
LTI 5 Y
N b LI issue,—>
S 9 S L2 latency
& S
) )
S &
D S 4
g &
ARSI
,,,,,,,, s
’
(A}
0.001 I

Ongoing Work — Shrinking Platform

Algorithm to remove overprovisioned resources based on utilization
information from bottleneck analysis

Performance [Flops/Cycle] Performance [Flops/Cycle]
" 100
” #_ Reorder buffer (O
%
Load buffer
""" Store buffer
” _ _ _ Reservadon smtion
10
Peak 1 mud (I fle) 7./ Load buffer/ Store buffer
Peak m add (] fic) - Reorder buffer | Peak m add (I fic)
7777777777777 vl ssue 3dd issus Reservation savon | Feal a7
" ~ “add TaraD,
7 mul latency
£ 202 lavency
A" #LI store Issue
4L load issue
//
0.l L 4
0.001 0.01 0.l I 10 X 0.1 | 10

Operational Intensity [Flops/Byte] Operational Intensity [Flops/Byte]
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Conclusion and Discussion

Generalization of the roofline plot that integrates many hardware-
related bottlenecks as performance bounds into one viewgraph

Structure bottlenecks and show their relative importance

New insights into the interplay between different microarchitectural
components and the associated bottlenecks

Code available at https://github.com/caparrov/llvm-performance

Performance [Flops/Cycle]

Operational Incensity [Flops/Byte]
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